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Abstract. We examine families of sets with nonempty interiors with respect to topolo-
gies generated by functions. We also study properties of topologies generated by iter-
ations of the functions and consider the similarity of such topologies.
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1. Introduction

On the same nonempty set X we can define different topologies and compare them
by inclusion or take into considerations some other properties such that separating
or countability axioms, compactness, metrizability and so on. We often identify the
topological spaces when they are homeomorphic. It is known that topologies with
different separating axioms can determine the same family of sets with nonempty
interior. In this paper, after [2], we will say that two topologies 7; and 73 defined on
the same set are similar if the families of sets with nonempty interior with respect
to 71 and T3 are equal. Then we will write 77 ~ 72. The example of similar topolo-
gies with quite different properties are the natural topology on reals 7,4 and the
Sorgenfrey topology generated by the base consisting of intervals of the form [a,b).
Another example of nonhomeomorphic similar topologies are topologies generated by
lower density operators with respect to o-algebra £ of Lebesgue measurable sets and
o-ideal A of null sets.
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Recall that a lower density operator & : L — L satisfies conditions:

(1) &(2) =2, 2(R) =R;

(2) P(ANB)=P(A)NP(B) for all A,B € L;

(3) if AAB € N then &(A) = &(B);

(4) AAP(A) € N for any A e L

and the family 7o = {E € L: E C ®(F)} is a topology called an abstract density
topology generated by ®. The most known is the classical density topology Tq generated
by the operator @4 defined as follows: for each E € L

v € By (E) = lim 2EOE=—Ma+h)

=1.
h—0+ 2h

There are a lot of non-homeomorphic abstract density topologies (compare [1]), but
properties of such topologies are quite similar (see for example [13, Sections 6.B and
6.E]). In particular, for any abstract density topology Tg and any A C R, its interior
is given by the formula intr, (A) = AN @ (B), where B is a measurable kernel of A.
Hence any set of positive measure has nonempty interior in each topology generated
by a lower density operator.

In [13, Section 6.D] there is presented the superdensity topology Ts generated by
the operator defined for each E € £ in the following way

b, (E) = {xER:hli%lJr)\([x_h’}fQ—’—h]\E) :0}.

The operator @, is not a lower density operator because there is a measurable set A
of positive measure such that @, (A) = @ (compare [13, Example 6.27]). However,
the family 7, = {E € L: E C &, (E)} is a topology (coarser then the density topo-
logy Ta).

Using the notion of similarity we can say that any topology generated by lower
density operator is similar to T4 but 75 and 74 are not similar.

In the next section we will define certain density-type topologies called f-density
topologies. The topologies Tq and T, are the examples of f-density topologies — the first
is generated by the function f (x) = z and the second by the function f (x) = 22. In
the paper we will consider topologies generated by functions and compare the families
of sets with nonempty interiors in such topologies. We will pay special attention to
the topologies generated by iterations of a fixed function.

2. Topologies generated by functions and similarity

Let A be the family of all nondecreasing functions f: (0,00) — (0, 00) such that
lirg+f(x) = 0 and limérif@ < oo. Fix a function f € A. We say that z € R
T—r x—>
a right-hand f-density point of a measurable set E if

A((z,z+h)\ E)

pm, 7 (h) =0
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Analogously we define a left-hand f-density point of ' and say that x is a f-density
point of E if it is a left-hand and a right-hand f-density point of E. Denote by &5 (E)
the set of f-density points of a measurable set E. This notion is a generalization of
classical density ([14]), (s)-density ([9, 6]) and «-density ([12]).

f(z)

Note, that the condition lim inf @) 0 is crucial. Indeed, if liminf &= = oo
z—0+ F z—0+ 7

then, for any = € R and any measurable set F

AMz,z+ W)\ E) _ &k
ST o

For any f € A the family 7; := {E € £L : E C &;(F)} forms a topology (called
f-density topology or topology generated by a function f) which is finer than the
natural topology on R ([3]).

It is not difficult to check that, for any f € A, the operator @ satisfies conditions
(1)—(3) of a lower density operator. Fulfillment of the condition (4) depends on the

value of lim (i)r}rf ! (;). If this limit is positive then almost all points of a measurable
Tr—r

set are its f-density points ([6]). Consequently, the interior of a measurable set E is
equal to EN®;(F) and any set A C R has nonempty 7-interior if and only if A has
a positive inner measure. Moreover, (R, Ty) is a completely regular Baire space (see
[6]). The classical density topology 74 is a topology of this kind and any topology T

with lim inf 22 > 0 is similar to Ta.
z—0+

Suppose now that f € A and lim %r}rf f2) — 0. In [6] it is shown that there exist
z—

a closed set F' of positive measure which has no f-density points and a closed set Fj
such that @5 (F1) = {0} (see also [8]). Therefore & is not a lower density operator
and is not idempotent. Moreover, in general, for each E € £, EN&;(E) need not be
included in int7, (E) (for example ®¢(Fy) = {0} and int7,(F1) = @). The situation
changes when A (9¢(E)AE) = 0. By condition (2) from the definition of lower density
operator we obtain @¢(E)NE C @4(E) = @5 (Pf(£) N E) and $¢(E)NE € Ty. Hence

Remark 2.1. For each E € L, if \(9;(E)AE) =0, then intt,(E) = ®p(E) N E.

The superdensity topology 7 is a topology of this kind. Obviously, no f-density

topology T with lim %r}rf @ = 0 is similar to 74. There is a natural question whether
T—

such topologies are similar to 7. The answer is negative.

I(=z)

Proposition 2.2. For any function f € A with lim(i)r}rf = 0 there is a function
T—

f1 € A satisfying xl—i>r(r)l+ @ = 0 such that the topologies Ty and Ty, are not similar.

Proof. From Theorem 2 from [5] it follows that there exists a closed set F' C [0, 1]
of positive measure such that no point of F' is an f-density point of F. Clearly
intt; (F) = @. By Theorem 3 in [11] there exists a continuous nondecreasing function
1 1 (0,00) — (0, 00) such that hlirng@/J (h) =0 and

A(z,z+h)\ F) ~0 and lim A((x —h,z)\ F)

T T T ey
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for almost all z € F. The function f;(x) = = - (z) belongs to A, lirglJr # =
z—

0 and almost all points of F' are fi-density points of F. Therefore & (F) =
g, (P, (F)NF) and intr; (F) = @y, (F) N F. Hence intr, (F) # @. O

In [7] there is presented a convenient description of “position” of topologies gener-
ated by functions relative to the classical density topology 7g.

Theorem 2.3 (Corollary 1, [7]). Let f € A.

(a) Ty = 7Zl<:)0<hm1nff( 2) <1imsup@ < 0.

z—0+ x—0+
b) Tr G Ty — O—hmmff(m)glimsu 1@ - .
() = S z—0+ r—>0+p ¥
(c) Ta & 7}<:>0<11m1nff( <hmsupf():oo.
—0+ x—0+
(d) Ty € Tq and Tqg & Ty <= < 0= liminf f(r) < limsup £ @) — .
—0+ r—04

We will describe in a similar manner similarity of topologies Ty and 7. Let us start
from a simple property of similar topologies.

Remark 2.4. If T1, T3 and T3 are topologies defined on the same set X, T1 C To C T3
and Ty is not similar to Ta, then T1 is not similar to T3.

Theorem 2.5. Let f € A.

(0) Ty C Ty & Ty~ T,

(b) If T; G Ta then there is a sequence (fn),—, of functions from the famzly A such
that (7}n)n:1 is an increasing sequence of topologies such that Ty G Ty, G Ta for
any n € N and Ty, is not similar to Ty, for any i # j.

Proof. If Tq C Ty then lim irif @ > 0 and @; is a lower density operator. Conse-
z—0

quently, Tg ~ 7. If Tg is not included in 7y then f satisfies (b) or (d) from Theorem
2.3. In both cases lim irif @ = 0. Therefore, by [6, Theorem 8] there exists a closed
z—0

set F' of positive measure with empty 7y-interior. Hence T is not similar to 7.
Suppose now that 7Ty ; T4. Repeating considerations from the proof of Proposition

2.2 we can find a closed set F; C [0,1] of positive measure such that intr, (F1) =
@ and a function g € A with hrn+ 9@ — 0 and such that intt, (F1) # @. The
z—0

function fi(x) := max{f (z),g(z)} belongs to A. It is evident that if x € $4(F)
then z € @y, (F1). It follows that inty, (F1) # @, Ty C Ty, and Ty is not similar to

T+, . Moreover, lim inf flz =0 and lim sup fl( ) < 0. Hence Tr & Tp G Ta

z—0+ z—0+
We now proceed by induction and find a sequence {f,},-, of functions from the
family A such that, for any n € N, 77, & Ty,., & Ta and Ty, is not similar to Ty, , .
By Remark 2.4, the sequence (f,,),—, satisfies all conditions formulated in (b). O

Corollary 2.6. There exists an increasing sequence (T,,),—, of topologies generated
by functions, such that T ; Tn g Ta for any n € N and T; is not similar to T; for
any i # j.
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At the end of this section let us remind one more topology connected with o-algebra
L and o-ideal N - the Hashimoto topology

T :={G\P:G € Tpat, P € N}.

Since T* & Ty for any f € A and (Y, 4 Ty = T([3]), we can treat the Hashimoto
topology as a “lower bound” of all f-density topologies.

It is easy to see that 7™ is not similar to Tp.: (for example, the set of all ir-
rational numbers is open in 7* and has empty interior in 7,4¢). Cantor-like set of
positive measure is an example of a set with nonempty interior in 7; (and all T

with lim igf @ > 0) and empty interior in 7*. It is much more difficult to check
z—0

similarity between 7; with lim irif @ = 0 and T*. We will discuss this problem in
z—0

the last section.

3. Topologies generated by iteration of a function

We will consider iterations: f! = f, f* = f (fk_l) for k € N. It is evident that if
f € A, then for any k € N the function f* is nondecreasing and tending to zero when
x approaches zero. The property that the lower limit of the fraction ! kggw) is finite
may not be fulfilled. Our first problem is to examine when f*, k € N, belongs to the
family A. Next we shall check if the properties of topologies generated by a function

and its iteration are the same. First notice that

Proposition 3.1. For each function f € A, we have the following:
(a) Iflim(i)rj_f@ <1, then f* € A for any k € N.
T—

(b) Iflimsup@ < 00, then f* € A for any k € N.
x—0+

Proof. Assume that lim (i)r}rf @ < 1. Then there exists a decreasing sequence (z,)nen
T—

tending to zero such that %n") < 1, for n € N. From monotonicity of f we obtain
fE(xn) < ... < f(xn) < @p, for n € N, and

k k
timinf &8 g L@
x—0+ x n—00 Ty
To prove the condition (b), first we will show that if limsup@ < oo then

x—0+

2
lim sup J;((f)) < 00. From the assumption there exist numbers M > 0 and 6; > 0
z—04

such that @ < M for any x € (0,01). As li%1+f(x) = 0, so there is 2 > 0 such
z—
that f(z) < é; for any = € (0,d2). Let 6 = min{dy, d2}. Then for z € (0,9) we have

@ < M and f(z) < ;.



130 M. Filipczak and M. Terepeta

Hence for each x € (0, 9), ]:,2((5)) < M and @ < M, so

f2(z) < Mf(x) < M?zx.

Therefore,

2
limsupf—(x) < M? < .

z—0+ X

Analogously, by the induction we can proof that

k
lim sup f@)
x—0+ x

< 0

for each k € N. O

It is interesting that we can neither change the number 1 from the condition (a)
nor consider the weaker inequality.

Example 3.2. There exists a function f € A such that lim(iJrJlrf @ =1and f> ¢ A.
xr—

Take a sequence (a,)nen decreasing to zero and such that lim Zons = o0. Put flx) =
n—oo 4n

an for © € [any1,an). Then lim(iJIJlrf @ =1, so0 f € A. Simultaneously f2(x) = a,, for

T—
x € [ant2,an41). For any z < as there is n € N such that z € [ap42,a,+1). Hence
2 2
M}“—"ﬂandl&r&%&f%} lim % = oco. So f2 ¢ A. O

z an n—oo dn+1

It is evident that different functions can generate the same topologies. However, if
we have equal topologies generated by functions we can not predict the behavior of
topologies generated by iterations of these functions.

Example 3.3. There exist functions f,g € A such that Ty = T, and f* ¢ A but
g" € A for any k € N.

Take a sequence (ay)nen and the function f as in Example 3.2. Put g(z) = a,, for
x € (any1,a,). Obviously g* = g for any k& € N. It is not difficult to check that
Tr = T4 (it also follows immediately from [4], Theorem 2). We have shown in the
previous example that f2 ¢ A. Analogously f* ¢ A for any k € N. O

Example 3.4. There exist functions f,g € A such that Ty = T, and Ty g Tx for
any k € N.

Take a sequence (an)nen as in Example 3.2. Put f(z) = ap41 for & € [ant1,an)
and g(z) = an41 for € (apy1,an]. Then Ty = T, and f¥. ¢F € A, k € N. Notice
that and any k € N, f*(z) = f(z) and ¢*(z) = anir for z € (ant1,an,]. Therefore

11165r g:gg = oo and from [4], Corollary 1, we obtain Tgx & Tyx, k € N, O
T—

As it is described in Theorem 2.3, the family of all f-density topologies can be
splitted into 4 subfamilies. One can ask if it is possible, that there exists a number
k € N such that the topology T+ belongs to different subfamily than 77 To answer
this question we will need the following technical proposition.
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Proposition 3.5. Let f, f* € A, k € N.

(a) liminf f(f = 0 <= liminf - ($) =0.

x—0+
(b) hmsup f(;) = 00 <= limsup £ (z) = 0.
z—0-+ r—04

Proof. Assume that lim (i)r}rf @ = 0. Then there exists a decreasing sequence (&, )nen
z—
tending to 0 such that

lim inf@ = lim Jlan)

x—0+ X n—o0  Tp

=0.

So there is a number ng € N such that %:) < 1 for n > ng. Hence f*(z,) <
fFYan) < ... < f(zn) < 7, and

lim jnf £~ @) < lim @) < lim f@n) _ .

x—0+ x n—oo Tn n—oo Iy

Now we assume that lim (i)nf £) 5 0. In the same way as in Property 3.1 we can

prove that hm g}rf @) ) > 0, for any k € N.
The proof of the condition (b) is analogous. O

The next theorem is a simple consequence of the above proposition, Theorem 2.3
and the fact that if f(z) < g() for x > 0, then Ty C 7.

Theorem 3.6. Let f € A.
(a) If0<hm1nf L@ imsup f(rw) < o0, then Ty = Tpr = Ta.

z—04
(b) If 0 = hlgél}rf@ < limsup f(;) < 0o, then Tpx C Ty G Ta.
x z—0+
(c) If 0 < limgrif@ < limsup@ =00, then Tg G Ty and Ta G Ty
z— z—0+
(d) If 0 = liminf@ < 1imsup@ =00, then T C Ty but Ty ¢ Tq and Tix Z Ta.
z—0+ z—0+

In general we do not know what is the relation between 7y and T;» in cases (c)
and (d).

Topologies generated by functions can not be invariant under multiplication by
nonzero numbers. It depends on the condition which we call A, because it is very
similar to the condition Ay considered in the theory of Orlicz spaces.

Definition 3.7 ([5]). We will say that f € A fulfills Ao condition (f € Ns) if

. f(2z)
lim sup < 00. AD
P @) 52
The condition Aj is equivalent to the condition lim sup ! f(gf)) < oo for any number

z—0*t

a > 0 ([5], Proposition 3). Observe, that for any o > 0 the function f(z) = z* and
any its iteration fulfill Ay (f € A only for a > 1).
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If a function f fulfills A, then the topology Ty is invariant under multiplication by
nonzero numbers ([5], Theorem 4). If 7; C 74 then A, is the necessary and sufficient
condition for this invariantness. If 7y ¢ 7 then there exists a function g ¢ As such
that 7 = T, ([5], Theorem 6). One can ask, if it is possible that for a function
f € A\, there exists a number k& € N such that f* has not such property. The answer
is negative due to the following theorem.

Theorem 3.8. If f,g € A fulfill the condition A2, then their composition go f also
fulfills N\s.

Proof. Assume that f € As. Hence there exist numbers M > 0, 6; > 0 such that

J}((Qf)) < M for z € (0,671). By the monotonicity of the function g we have

9(f(2z)) < g(Mf(x))

for each = € (0,81). Since g € Ag, we have that for each o > 0, lim sup gg(gf)) < 0.
z—0t
Put o = M. Then there exist K > 0 and d2 > 0 such that g;](\g) < K for x € (0, d2).
From the assumption lirgl+ f(z) = 0 it follows that there exists d3 > 0 such that
T

f(x) < d2 whenever z € (0, d3). Hence for 6 = min(dy, d2,d3) and x € (0, 9),

o(f(20) _ g(Mf(x))
d7@) S ey <

Therefore,
: 9(f(2z))
limsup ———=%~ < o0
a—0+ 9(f(2))
O
Corollary 3.9. If f € Ao, then f* € Ay for any k € N.
It is easy to check that if f € A and
0 < liminf J(z) < limsup J(z) < 00, (1)
z—0+ X z—0+ X

then f € A, if and only if f¥ € A. Moreover, if (1) holds then 77 = Tsr = Ta so this

case is not interesting, because the density topology is invariant under multiplication

by nonzero numbers. The next examples show that if one of the inequalities of (1) is

not fulfilled we do not have the equivalence f € Ay < f ke Ay We will use the

functions similar to the functions defined in [7], Lemma 1.

Example 3.10. There exists a function g € A such that 0 = hm,if}rf @ <
Tr—r

limsup@ <00, g ¢ Ny and g*> € Ns.

x—0+

Let a, = \/bpbny1 for n € N, where (b, )n>0 is a strictly decreasing sequence tending

to zero such that lim bzﬁ =0. Put
n— o0 n
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g for z € (Vanbn,by),
g(x) = anrl fOl" HARS [bn+17 anbn]a
b1 for T = b1

Obviously, g is nondecreasing, g(x) < 1 for any z > 0 and hm+ g(z) = 0. Moreover,
—0

1irninfM < lim 9(an) = lim
x—0+ x n—oo Ay n—00

Hence g € A and lim sup g(w) < 00. It does not fulfil condition A,. Indeed, let > 0.
x—0+

Then x € [by41,by) for a certain n € N. Therefore,

w0+ g(x) nio g(\/ nbn) n—=oe |\ bny1

From the definition of g we obtain

% for x € [\/ anbnvbn)v
¢ (z) = bpt1 for z € [bpi1, Vanbs),

by for © > by.

From Proposition 3.1 it follows that g2 € A. We will show that g?> € A,. Notice, that
4
for z > \/a,b, we have g%(z) < 7. Take x > 0. Then there is natural number n such

that @ € (byy1,bn). If 7,27 € [/anby, by,) then g2(z) = f; and g(2z) < (2 ) . Hence
((25)) < 16. If z, 22 € [byy1, Vanby,) then 2(2; =1.If z € [Vapbn,by) and 2¢ > b,

T T n 2
then 92((200)) = gzg ; 92(&)) < ggz((le;)) -1 < 16. Hence g2 € As. O

Example 3.11. There exists a function g € A such that 0 < 1im(i33f@ <
Tr—r

lim sup £ 9@ — oo, g ¢ Ny and g?> € Ns.
r—04

Let (an)n>0 be a strictly decreasing sequence tending to zero such that lim “= =0
n—oo n
and b, = \/anan+1, n € N. Put

% for « € (an, Vanbyl,
g(x) = Gp—1 for z € (\/ anbna CLnfl]a

ag for x > ag.

The function g belongs to A and it does not fulfill condition As. Indeed,

9(2\/ anbn) > Ap—1 an—1

g(Vanby,) = by an,
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and
2 2V nbn
lim sup 9(2) > lim w =
a0+ 9(@) ~ n=oo g(Vanby)
Moreover,
\Y nbn . n
1irnsupM > lim M = lim ¢ Gntl _
=0+ L n— 00 anbn, n— 00 A,

From the definition of g we obtain

% for « € (an, vVanby],
9*(x) =< ay, for x € (\/ant1bnt1,an),

aq for x > aq.

The function g2 is continuous, g2 € A. Analogously as in previous example we show
that g2 € A,. O

Example 3.12. There exists a function ¢ € A such that 0 = liminf g(m) <

z—0-+

lim sup £ 9@) — 0, g ¢ Ny and g?> € Ns.
r—0+

Let (an)n>0 and (by)n>0 be sequences from the previous example. Put

2
a;i_l for z € [an, V a2n—1b2n—2) ;
9(x) =< agp for x € [\/a2n+1b2n+17 b2n) ,

ag for x > a;.

The function g has all required properties: belongs to A, it does not fulfill condition
Ao and 0 = lim inf g( < limsup @ = 00. From the definition of g we obtain
z—0+ z—0+

4
3 for x € [\/aQn—len; \/a2n—1b2n—1)a

Aop—1

2
9°(x) = { as, for x € [\/aznt1bant1, /a2n—1b2n),

ag for x > va1b;.

The function g2 is continuous, g2 € A. Analogously as in previous example we show
that g% € A,. O

In Examples 3.10 and 3.11 we have constructed the functions which fulfill the

condition lim sup g((w)) = 00 (g ¢ A3), but their iterations satisfy As. We can not
r—0+4

exchange the the upper limit in this condition into the limit as it is shown by the next
theorem.

Theorem 3.13. Let f, f* € A. If hm H2z) oo, then f¥ ¢ Ny for any k € N.

fl@) —
Proof. From the assumption, hm f((Q x:)) = oo for any sequence (x,)nen such that
lim z, =0, in particular
n—oo
2f(zn
lim f2f(zn)) _ . 2)

n=oe f(f(2n))
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Fix the sequence (x,,)nen. There is ng € N such that % > 2 for n > ng. Hence
F2(22,) = f(2f (x0)). (3)
Therefore, for each sequence (z,,), ., we obtain

f22x,) @ L f(2f(xa)
nh—>ngo fQ(mn) >n14)oo f2(a:n) -

and finally we obtain hm ff2(( z)) =00, 50 f2 ¢ Ay. We can prove by induction that
hI(IJlJr fk((2 gc)) = oo for any k € N, which finishes the proof. O
T

4. Similarity between topologies generated by function and its
iteration

Now we will focus on a problem: do there exist topologies generated by a func-
tion and its iteration which are not similar? Theoretically we know that there are
f-density topologies which are not similar, but in practice it is not easy to indicate
specific functions for which we can obtain such result. To examine the interior of sets
in density topology we often construct Cantor-like sets of positive measure. It is not
difficult to construct a set of this kind which has no f-density points.

Example 4.1. There exists a set of positive measure without superdensity points.

By induction we will define a central Cantor set E C [0, 1] of positive measure which
has no f-density points for f(z) = x2.

From the interval [0, 1] we remove concentric open interval denoted by ( ™ bgl))
of the length 1. Put E; = (a 11),bg )). Suppose that for certain n > 2 we have

n—2

2
constructed the sets Eq, Ea,...,E,_1 such that E,,_; = | ( @) 1,b7(f) 1) The set
i=1

1=
n—1

[0,1]\ | Ej) consists of 2"~ ! closed intervals and from each such interval we remove
k=1
concentric interval of the length ;i which we denote by (a%), b(z)), i=1,...,2» L
on— 1 . . oo
Put E, = U (a¥,6%)). Then A(E,) = 271 & = 51+ The set E = [0,1]\ U E,
i=1 n=1
is of positive measure since A(E) =1 — 2_:1 St =4
Fix 29 € E. Then for any natural n there is a number i,, € {1,...,2""!} such
that the distance between zy and the interval (a,(f ™) Bl ")) is the smallest. By putting
alin) (in) . . . .
Cn = % we obtain a sequence (cy),,converging to xo. Without loosing the

generality, we may assume that (c,), ., is decreasing to zo. Observe, that ¢, —x¢ < Qin

and A(E' N [z0,cn]) > 3 - )\((ag"),bg"))) = 1. L. Hence
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A(E' N [zo,cn)) %4% 1
_ 2 = 1 2~ o
(en = 20) (32)" 2
and lim inf % > % Therefore, ¢ is not a superdensity point of F. O
n—00 "

In general it is rather difficult to describe an interior of a set in f-density topologies
(see [10]).

Theorem 4.2 ([10], Theorem 3 and 10).

(a) For any f € A and any set A C R there exists a countable ordinal o > 1 such
that int7,(A) = AN PG (B) where B is a measurable kernel of A.

(b) Let f € A and lim(i)rif @ = 0. For each n € N there exists a perfect nowhere
T—
dense set A such that int1,(A) & Aﬂ@’} (A) for k <n andinty,(A) = ANP}(A).

However, if A (@(A)AA) = 0, then we know that the interior of A is not empty
(see Remark 2.1). To answer the question from the beginning of this section, firstly
we will construct Cantor-like set of positive measure which has nonempty interior in
Tr for a power function f(x) = 2, (o > 1) and secondly, we will show that this set
has the empty interior for another power function.

Theorem 4.3. For f(x) = x*, a > 1, there exists a perfect nowhere dense set E of
positive measure such that almost every point of E is its f-density point.

Proof. Analogously as in Example 4.1 we will define a central Cantor set E C [0, 1] of
positive measure which has desired properties. Following denotations of this example,

from the interval [0, 1] we remove concentric open interval denoted by E; = (agl), bgl))
of the length 2% Suppose that for certain n > 2 we have the sets F, Fo, ..., F,_1 such

n-2 n—1

2 , .
that F,,—1 = U (affll, bfle). From each of closed intervals of the set [0,1]\ U Ex
i=1 k=1
we remove concentric interval of the length Q%l . m and denote it by (agf ) , be )),
on—t . .
i=1,...,2" ! By putting E, = | (agf),bgf)) we have \(E,,) =
i=1

1
n2@n—Ta *

Let E =[0,1]\ U Ex. Let us notice that for any n € N
n=1
1

AMEnps1) < 2W)\(En)
and -

AU B <o), (4)

k=n+1

Take k € N. For any n > k and i = 1,...,2""! there exists a number sz)k > b such
that

A Er) 1
N N < — T . 5
EPRCI ”
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We can observe that if z > sz)k then

A En)

1
Goally " F v

It is evident, that

Q=
—
~
N—

20 —ad = (k- A(Ey))

and

D|’-‘

20 0D < (k- A(B)) "
For k € N define the sets

oo 2m71
Ak—UkLJl AL

We will show that )\(lim sup Ak) = 0. For any k£ € N we have

k—o0

2n71

> ; G s 1
Ag) :Z Z (z,(l)k —bff)) < Z Z (k- ME,))*" =
n=k i=1 n=k i=1
_ — n—1 kY 1 > 1 . 1
_22 .ka.ni.g%—lg 7k2_n_2k—1'

Hence for any m > 2

( U Ak) = Z 2k1—1 = 2ml—2'

oo
From the fact that the sequence |J Ay is decreasing we obtain
k=m

oo oo

)\(hmsupAk) :)\( ﬂ U Ak) —n}gnoo)\( U Ak)

m=1k=m k=m

Let N = limsup Ay U ( U U {b(l)}) and z € E'\ N. We will show that z is a left-

k— o0 n=1 i=1

hand f-density point of E for f(x) = 2%, a > 1. Fix € > 0 and take kg € N such that
,3—0 <eand x € E\ Ag,. Then there are numbers ng > ko and ig € {1,...,2m0 "1}

such that b£f§> < z. We denote
to :min{‘x—bff)‘ :n < ng,i = 1,...,2”*1,b§f) € [bgfoo),x)}.

For any t € (0,¢y) we denote by n; the smallest number n and by 4; the biggest
number ¢ for which (aﬁt‘ ,b,(ft‘ ) C (z —t,x) and b,(ft‘) - a,(ft‘) < bsfoo) - a,(f(?). Then
(i)

neko? SO

ng=noand x> 2"
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MEn,) 1
7(1 ) < .
(x any ) ko
Since z —t < agff), we have t >z — anj’. Hence

AM[z —t,2] \ E) < A(En,) (U AE )<2A( En,)

and
Az —t, 2]\ E) - 2X(Ey,) - 2 .-

te (z—ali® ko

and x is a left-hand f-density point of E.

Analogously, for any k£ € N and n > k we can define a number yfl)k < an) for which

AEy) 1

(B —yB) K

and the sets

oo 2n71
By = U U [yff)kv Sf}
n=k i=1

such that )\(lim sup Bk) = 0. Then any number

k— o0

z€E\ <hmsuka U ( [j QUI{“(Z ))

n=1 i=1

is a right-hand f-density point of E. Summarising, almost all points of E are its
f-density points. O

Corollary 4.4. For any a > 1 and function f(x) = x“ there exists a set E, of
positive measure such that intt, (Eo) = Eo N®f(Ey) # @.

Proposition 4.5. Let f(z) = 2%, g(z) = 23*, a > 1. Then Ty # T,

Proof. Let f(z) = 2%, a > 1 and FE be the set constructed in the proof of Theorem 4.3.
We will show that no point of this set is its g-density point, so E has the empty interior
in the topology T, for g(z) = 3.

Fix 2y € E. Analogously as in Example 4.1 we have the sequence (c,), .,

and A (E' N [zo,¢n]) > 5 - A ((aﬁ"),bﬁf“)) =3 =T

decreasing
to xp such that ¢, — xg < 2—n

1
n2@n—Ta - Hence

AE Nwocnl) SEenere | 2MeDte
glen —x0) = (L)?’O‘ n

on
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and li_>m % = 00. Therefore, o ¢ $4(E) and consequently, END,(E) = 2.

Thus E has the empty interior in 7. O

Observe that if the interior of a set is empty for a function fi(z) = x*, then it is
also empty for any function fo(z) = z*2 with as > ;.

Corollary 4.6. For any function f(x) = z%, a > 1, there is n € N such that
Tin & Tp. If o 2 3, then Tp2 o£ T;.

Notice that for a = 2, Theorem 4.3 gives us the set which almost all points are its
superdensity points, but Proposition 4.5 does not resolve the problem if the second it-
eration of f(z) = 22 generates the topology which is similar or not to the superdensity
topology.

Nevertheless, using Corollary 4.6 we can construct a decreasing sequence (ﬁ)neN
of topologies generated by functions, such that 7, £ 7, for any n € N and 7; is not
similar to 7; for any ¢ # j. Comparing this result with Corollary 2.6 we can say that
there are a lot of f-density topologies dissimilar to superdensity topology, of both
kinds: the smaller and larger than 7.

At the end let us compare topologies generated by functions of the form f (x) = «®
with Hashimoto topology 7 *.

Remark 4.7. Any nowhere dense set has an empty interior in Hashimoto topology
T*. Consequently, by Theorem 4.3, if f (x) = % and o > 1 then Ty is not similar
to T*.

The latter remark does not establish that no f-density topology with lim irlf @ =
x—0

0 is similar to 7*. For example, the function

1
_Jaxw forx e (0,1)
g(x)—{l forx>1

belongs to A and for any o > 1 the set E,, constructed in Theorem 21 satisfies
equality: $4(E,) = @. Therefore 7, is smaller than (and not similar to) any 7y,
where f, () = 2® and a > 1. We do not know if 7 is similar to 7.
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